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Abstract 

Given a reference lattice [X, C), we define fuzzy intervals to be the fuzzy sets such that their p- 
cuts are crisp closed intervals of (X, We show that: given a complete lattice (X, C) the collection 
of its fuzzy intervals is a complete lattice. Furthermore we show that: if (X, C) is completely 
distributive then the lattice of its fuzzy intervals is distributive. 

Keywords: Algebra, Fuzzy Algebras, Fuzzy Lattices. 

1 Introduction 

The following is a small sample of the large literature on fuzzy algebras. Rosenfeld wrote the first 
paper on fuzzy groups [|TQf| ; a recent review is ||. Fuzzy rings and fuzzy ideals of rings are studied in 
[19, [|, ||, |2Q|| . Seselja, Tepavcevska and others have presented a far reaching famework of L-fuzzy and 



P-fuzzy algebras gl|, U, [jj . 

Fuzzy lattices are a particular type of fuzzy algebras. A fuzzy lattice is a fuzzy set such that its cuts 
are sublattices of a "reference lattice" (X, C). Relatively little has been published on fuzzy lattices. 
Yuan and Wu introduced the concept |l7j and Ajmal studied it in greater detail ffl. Swamy and Raju 
14] and, more recently, Tepavcevska and Trajkovski [15] studied L-fuzzy lattices.^. 



In this note we introduce fuzzy intervals within the context of fuzzy lattices. I.e. a fuzzy interval is 
defined to be a fuzzy set such that its cuts are closed intervals of a reference lattice (X, C). It appears 
that fuzzy intervals (in this lattice theoretic sense) have not been studied previously. A special case 
which has been extensively studied is that of fuzzy intervals with the reference lattice (X, C) being a 
set of real numbers Q. Some connections between this special case and the more general case studied 
here will be discussed briefly in Section |5[ . 

As mentioned, our study of fuzzy intervals is lattice theoretic. We establish some basic properties 
of fuzzy intervals and we show the following: given a complete lattice (X, C), the collection of its fuzzy 
intervals is a complete lattice; if (X, C) is completely distributive then the lattice of its fuzzy intervals 
is distributive. 



1 Two additional senses of the term "fuzzy lattice" should also be mentioned. Kaburlasos and Petridis use fuzzy 
inclusion measures Q ^| [| to introduce a concept of "fuzzy lattice" which is different from the one used in the previously 
mentioned works; however there is an interesting connection between the two approaches through the concept of fuzzy 
orders. In addition, |p], [H| and many others use the term "fuzzy lattice" to denote a quite different mathematical 
concept, namely a completely distributive lattice with an order reversing involution. 
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2 Preliminaries 



In what follows, the closed unit interval is denoted by L = [0, 1] C R. The usual order of real numbers 
is denoted by <; the maximum (resp. minimum) of x,y is denoted by x V y (resp. x A y). Given a 
set P C L, VP (resp. AP) denotes the supremum (resp. the infimum) of P. (L, <, V, A) is a totally 
ordered set. 

The reference lattice is denoted by (X, C, U, n) and it is assumed to be complete. Hence, for every 
Y Q X the elements \1Y, UY exist; in particular, there exist V~\X (the minimum element of X) and UX 
(the maximum element of X), hence we can write X = [F\X, UX]. 

Definition 2.1 A fuzzy set is a function M : X — > L. The collection of all fuzzy sets (from X to L) 
will be denoted by F(X,L) or simply by F. 

In a standard manner, we introduce an order on F using the "pointwise" order of (L, <, V, A). The 
symbols <, V, A will be used without danger of confusion. 

Definition 2.2 For M,N G F we write M < N iff for all x G X we have: M(x) < N(x). 

Definition 2.3 For M,N G F; we define the fuzzy set M V N by: (M V N)(x) = M(x) V N(x); we 
define the fuzzy set M A N by: (M A N)(x) = M(x) A N(x). 

It is well known Q that < is an order on F and that (F,<, V, A) is a complete and distributive 
lattice with sup(M, N) = M V N, inf (M, N) = M A N. 

Definition 2.4 Given a fuzzy set M : X — > L, the p-cut of M is denoted by M p and defined by 
M p = {x : M(x) > p}. 

We will need some properties of p-cuts, summarized in the following propositions. Their proofs can 
be found in Q. 

Proposition 2.5 Take any M € F with p-cuts {M p } L and N £ F with p-cuts {X p } peL . Then 
M = N iff for all p £ L we have M p = N p . 

Proposition 2.6 Take any M E F with p-cuts {M p } peL . Then we have the following. 

(i) For all p,q G L we have: p < q M q C M p . 

(ii) For all P C L we have: n pe pM p = My p. 
(Hi) M = X. 

Proposition 2.7 Consider a family of sets {M p } p& l which satisfy the following. 

(i) For all p,q G L we have: p < q =>- M q C M p . 

(ii) For all P C L we have: n pe pM p = My p. 
(Hi) Mq = X. 

Define the fuzzy set M(x) = V{p : x G M p }. Then for all p G L we have M p = M p . 

We will also need some well-known properties of (crisp) closed intervals in a lattice. 

Definition 2.8 Given xi,X2 G X, with x\ C x^, the closed interval [xi,X2] is defined by [xi,X2] = 
{z : x\ C z C X2}. 
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We consider the empty set to be a closed interval, the so called empty interval. This can also 
be denoted as [xi,X2] with any x\,x 2 such that x\ % x 2 . Denote by I the collection of (crisp) closed 
intervals of X (including the empty interval). The structure (I, C) is an ordered set. In fact it is a 
lattice, as the following propositions show (proofs are omitted for brevity; they follow from the fact 
that being a closed interval is a closure property on (I, C) Q). 

Proposition 2.9 Given any nonempty interval A = [01,02] C X, we have a\ = Y~\A, 02 = LlA. 

Proposition 2.10 Given any family of closed intervals JCI the set ri[ ai)a2 ] e j[ai, 02] is a closed in- 
terval; more specifically, we have 

n [ai,a 2 ]Gj[ a l' a 2] = [ U [ ai ,a 2 ]eJ a li n [ai,a 2 ]eJ a 2] 

and this is the largest closed interval contained in every member of J. 

Definition 2.11 Given A,B el, define S(A, B)= {C : C G I, A C C, B C C}. Then we define 
A U B = r) C £S(A,B)C 

Proposition 2.12 The structure (I,C,U,n) is a lattice with respect to the C order (i.e. set theoretic 
inclusion). Given any intervals A = [a±, 02] € I, B = [b\, 62] G I, sup(vl, B) = AlJB = [aiflbi, a^b-z], 
mi(A,B)= An B = [01 U 61 , a 2 n 6 2 ]. 

Remark. In other words, given any intervals A = [a±, 02], B = [61,62], [oi n 61,02 U 62] is the 
smallest closed interval which contains both A and B and [ai U 61 , a 2 n 62] is the largest closed interval 
contained in both A and B. 

We define fuzzy sublattices and fuzzy convex sublattices in terms of their p-cuts; this is different 
from, but equivalent to Ajmal's approach ]l]]. 

Definition 2.13 We say M : X — > L is a fuzzy sublattice of (X, C) iff Mp G L the set M p is a 

sublattice of (X, C). 

Definition 2.14 We say M : X — > L is a fuzzy convex sublattice of (X, C) iffMpeL the set M p is 
a convex sublattice of (X, C); (i.e. \/p G L, Vx, y G M p we have [x PI y, x U y] C M p ). 

Proposition 2.15 M : X —* L is a fuzzy sublattice of (X, C) iff 
Vx,yeX: M(x l~l y) A M(x Uj/) > M(x) A M(y). 
Proof. See ||. ■ 

Proposition 2.16 Let M : X — > L be a fuzzy sublattice of (X, C). It is a fuzzy convex sublattice of 
(X.Q iff 

Vx,y G X,Vz G [x\ly,xUy] : M(z) > M(x n y) A M(x U y) = M(x) A M(y). (1) 
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Proof, (i) Assume M is a fuzzy convex sublattice. Choose any x,y G X. Set p\ = Mix l~l y), 
P2 = M[x U y); then x \~\ y, x U y £ M piAp2 . Take any z G [sc n y,aT U y]. Since M is a fuzzy convex 
sublattice: z G M piAp2 =4> M(z) > pi A P2 = M{x y) A M(x U y). Since x, y G [x Fl y, x U y] we have 
M(x) > M(xny)AM(xUy), M(y) > M(xUy) AM(xUy); and so M{x)AM(y) > M(x\~\y) AM(xUy). 
On the other hand, since M is a fuzzy sublattice, from Proposition [2.15| we have M (x n y) A M(x U y) > 
M(x) A M(y). Hence M(x n y) A M[x U y) = M(x) A M(y). 

(ii) Conversely, assume (||) holds. Take any p £ L. If M p is empty, then it is a convex sublattice. If 
M p is not empty, take any x, y € M p . Set pi = M(x), p2 = M(y). We have a; € M p ^ pi = M(x) > p, 
y £ M p ^> p 2 = M(y) > p. From @ we have M(x n y) > M(x) A M(y) =pi Ap 2 >P=^xn?/G M p . 
Similarly a; U y G M p and so M p is a sublattice. Set q\ = M(x n y), 52 = M(x U y). Now take any 
z G [x l~l y, x U y]. From (|l|) we have M(z) > gi A q2 = Pi A j»2 > P =^ 2 G M p . Hence M p is a convex 
sublattice for all p G L, i.e. M is a fuzzy convex sublattice. ■ 

3 The Lattice of Fuzzy Intervals 

We now introduce fuzzy intervals. 

Definition 3.1 We say M : X — > L is a fuzzy interval of (X, C) iff 

Vp G L : M p is a closed interval of (X, <). 

T/ie collection all fuzzy intervals will be denoted by I(X, L) or simply by I. 

The following proposition will be often used in the sequel. It states that an arbitrary intersection 
of fuzzy intervals yields a fuzzy interval. 

Proposition 3.2 For all 3 CI we have: A M jM G I 

Proof. Choose any J C I C F. The fuzzy set A Me jM is well defined, in view of the fact that 
(F, <, V, A) is a complete lattice. Choose any p G L. It is easy to show that (A Mg jM) p = C\ Me jM p . 

Then for every M G J , the cut M p will be a closed interval (perhaps the empty interval). From 
Proposition |2.10| , an arbitrary intersection of closed intervals yields a closed interval. Hence, for every 
p G L the set (A Mj _jM) p is a closed interval, i.e. A M£ jM is a fuzzy interval. ■ 

Since I C F, it follows that (I, <) is an ordered set. We now establish (using Proposition |3.2| ) that 
(I, <) is a lattice. 

Definition 3.3 For all M, N G I we define M <J N as follows. We define S(M,N) = {A : A G I, 
M < A, N < A} and then define 



Proposition 3.4 (I, <, V, A) is a complete lattice. 



Proof, (i) MAN is the infimum in F of M and N. From Proposition 3.2 we have M A N G I, 
hence M A N is also the infimum of M and iV in I. 

(ii) For all A G S(M, N) we have M < A and so M < /\ Ae s(M N) A = M<J N] similarly N < M V N. 
Furthermore, if there is some Bel such that M < B, N < B, then B G S(M, N). Hence M V N = 
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A AeS(M N) A - B - Finally, since S(M, N) C I, we have MV N = A Ag § (M N ^A 6 I. Hence M V N is 
the supremum in I of M and N. 

(hi) To establish completeness of (I, <, V, A) we must show that any J C I has an infimum and a 
supremum in I. We have already remarked (Proposition |3.2|) that, for any J C I, the set A M jM is a 

well defined fuzzy interval. Since AJ = A Me jM is the infimum of J in F, it will also be the infimum of 
J in I C F. Regarding the supremum, we must define appropriately VJ. Define a set S(J) = {^4 G I : 
VM € J we have M < A}. Define VJ = A Ag g/jQA Then VJ G I (as an intersection of fuzzy intervals), 

and it is easy to show that: VM G J we have M < VJ, MA G S(J) we have VJ < A. Hence VJ is the 
supremum of J and completeness has been established. ■ 

The following propositions establish some properties of fuzzy intervals. 

Definition 3.5 For every fuzzy set M we define Lm = {p '■ M p 7^ 0}- 



Proposition 3.6 (i) Let M be a fuzzy convex sublattice. If we have 

Vp G L M : M(nM p ) > A xeMp M(x), M(UM p ) > A xeMp M(x), (2) 

then M is a fuzzy interval. 

(ii) If M is a fuzzy interval, then it is a fuzzy convex sublattice and we have 

Vp G L M : M(nMp) > A x€Mp M{x), M{UM p ) > A x€Mp M{x). 

Proof, (i) Assume (|2|) holds. Choose any p G Lm- Now, by completenes of (X, C), nM p and 
UM p exist. Clearly M p C [nM p ,UM p ]. On the other hand, from @), M{UM p ) > A xeMp M(x) >p^~ 
nM p G M p , i.e. M p contains its infimum. Similarly M(UM p ) > A x€Mp M(x) > p UM p G M p . Since 
M p is a convex sublattice and nM p , L\M p G M p , it follows that [nM p , UM p ] C M p . Hence for all p G Lm 
we have that M p = [nM p , UMJ. Further, for all p G L — Lm, M p is the empty set, which is considered 
a closed interval. Hence for all p G L the set M p is a closed interval, i.e. M is a fuzzy interval. 

(ii) If M is a fuzzy interval then for all p G Lm we have M p = [nMp, UM p ], which is a closed interval 
and a fortiori a convex sublattice. Hence M is a fuzzy convex sublattice. Furthermore, M p = [f~\M p , 
UM p ]^ nMp G Mp =^> M(nM p ) > A xeMp M(x). Similarly, UM p G M p =^> M(UM p ) > A xeMp M(x) . ■ 

Corollary 3.7 If M is a fuzzy interval, then Vp G L M we have M(nM p ) A M(UM p ) = A x£ M p M{x). 



Corollary 3.8 Let X be finite. Then every fuzzy convex sublattice is a fuzzy interval and conversely. 



Proposition 3.9 If M is a fuzzy interval, then\/p G Lm we have M p = M PlAp2 , where p± = M(nM p ), 
p 2 = M(UM P ). 

Proof. Choose any p G Lm- Since M is a fuzzy interval, we have M p = [r\M p ,\JM p ]. Set 
pi = M(nM p ) > p, p 2 = M(UMp) > p. Then M(nM p ) = p x > p x A p 2 and so nM p G M piAp2 . 
Similarly \JM p G M piAp2 . Since M is a fuzzy interval (and so a fuzzy convex sublattice) it follows that 
[UMp, UMp] C M piAp2 . On the other hand pi Ap 2 > p => M piAp2 C M p = [nM p , UM p ). Hence M piAp2 
= M p . m ' 
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4 Distributivity 



In all of this section we assume (X, C, U,n) to be completely distributive according to the following 
definition. 

Definition 4.1 The lattice (X, C,U,n) is said to be completely distributive, iff for every set Y C X 
we have x U (r\ yeY y) = n yeY (x U y), in (U ye yy) = U yeY (x n y). 

Let M, iV be fuzzy intervals. Our first task is to establish some properties of the cuts (M A N) 
and (M V N) p . From Proposition |3.4| we see that MAN and M V N are fuzzy intervals; hence \/p £ L 
the cuts (M A X) p and (M V X) p are (crisp) closed intervals. 

Definition 4.2 For all M, N G I and /or all p £ L we define C P (M, N) = M p n i\T p . 



Proposition 4.3 For a// M,N el and for all p £ L we have: (M A jV) p = C P (M, N). 

Proof. Take any M, N el, any p £ L. We have x G (M A X) p 44> (M A N) (x) > p ^ M(x) A 
N(x) >p^(M (x) > p and N(x) > p) & (x G M p and x e N p ) O x e M P H N p = C P (M, N). m 

Proposition 4.4 Take any M, N G I. We have: 

(i) Vp,qeL :p<q^ C q (M, N) C C p (M, iV), 

(ii) VP C L: n peP C p (M,N) = C yP (M,N). 
(Hi) C (M,N) = X. 

Proof. These properties follow from the fact that for all p G L we have C P (M,N) = (M A N) p , 
i.e. the family {C P (M, N)} pGL is a family of cuts. ■ 

Hence we have characterized the cuts of M A N in terms of the cuts of M and N. We will now do 
the same for the cuts of M V JV. However, before proceeding we need some auxiliary definitions and 
propositions. 

Definition 4.5 For every Mel, we define the functions M_ : L — > X , M : L — > X as follows. For 
p G L M , M(p) = nM p , M(p) = UM p ; for p G L - L M , M(p) = UX, M(p) = HX. 

Remark. Hence we can write M p = [M(y), M(p)] for every p G L. Because: if p G Lm, then M p 
= [nM p , UM p ] = [M{p),M(p)]; if p e L - L M , then M p = = [UX, nX] = \M(p), M(p)]. 

Proposition 4.6 Take any Mel and for all p G L set M p = [M(p\ M(p)\. Then 

(i) \fp,qeL:p<q^ (M_(p) E M(g),M(p) □ M(q)) . 

(ii) VP C L : U peP M(p) = M(VP), n p€P M(p) = M (VP). 

Proof, (i) Since {M p } pg p are cuts, from Prop.^^.(i) we have: p < q => M q C M p [M(q) , 

C [M(p) , M(p)]=> (M(p) < M(g) , M(p) > M(q)). Note in particular that: if q <£ L M , then 
M{p) C M(g) = UX and M(p) □ M(g) = UX. 

(ii) Since {M p } eP are cuts, from Propj2j.(ii) we have: n peP M p = M v p. But M vP = [M(VP) , 
M(VP)] and (Proposition 2.10 ) n pe pM p = [U pe pM_(p) , n pe pM(p)] which yields the required result. 
Note in particular that: if there exists some q G P such that q e L — Lm, then M g = 0, n pg pM p = 0, 
and M v p = = [M(VP),M(VP)] with M(VP) = UX, M(VP) = \1X. Also, in this case M(g) = UX, 

u pg pM(p) = ux, M(g) = nx, n peP M(p) = nX. ■ 
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Proposition 4.7 (i) Take any P C L and any functions F : L — > X , G : L — > X which satisfy 

P<q^ F(p)QF(q), U pgP F(p) = F(VP), 
p<g4G(p)EG( g ), u pgP G(p) = G(VP). 

T/ien U pgP (P(p) U G(p)) = F(VP) n G(VP). 

(wj Ta/ce any P C L and any functions F : L — > X ; G . L — > X which satisfy 

p<q^ F(p)UF(q), n pgP F(p) = F(VP), 
P < g ^ G(p) □ G(g), n pgP G(p) = G(vP). 

Then n pgP (F(p) U G(p)) = F(VP) U G(VP). 

Proof. For (i), take any p G P. Then F(p) n G(p) C F(p). Hence U pgP (F(p) n G(p)) C U peP P(p) 
= P(VP). Similarly U pgP (F(p) n G(p)) E U pg pG(p) = G(VP). It follows that 

u peP (F{ P ) n G(p)) c p(vp) n G(vp). (3) 

On the other hand, using complete distributivity, we have l_l pg p i(?g p (F(p) n G(g)) = U pg p (F(p) n (l_l,j g pG(g))) 
= U pgP (F(p) n G(VP)) = (U pgP P(p)) n G(VP) = P(vP) n G(VP). In short 

P(VP) n G(VP) = u pg p,, g p (F(p) n G(g)) (4) 

Finally, since (L, <) is totally ordered, P is a sublattice of (L, <); so for any p, q G P we have pVg S P. 
Then (p < p V g, g < p V g) => F(p) n G(g) C F(p V g) n G(p V g). So U pgPi g g p (F(p) n G(q)) C 
U pg p, gg p (F(p V ? )n G(p V g)) C U rgP (P(r) n G(r)). Hence 

u pg p, ggP (F(p) n G(g)) c u pgP (F(p) n G(p)) (5) 

From (|), (|), (§) follows that U pgP (F(p) n G(p)) = P(VP) n G(VP) and (i) has been proved; (ii) is 
proved dually. ■ 

Now we return to the cuts of M V N. 

Definition 4.8 For all M, N El and for all p G L we de/me P> P (M, X) = M p U iV p . 



Proposition 4.9 Take any M, N G I . l^Fe /icwe 
(ij Vp, g G L: p < g ^ D q (M, N) C P> p (M, iV), 
(mJVP C L ; n peP D p (M,N) = D VP (M,N). 
(Hi) D (M,N) = X. 

Proof, (i) Assume p < g. Then (M g C M p ,N q C AT p ) => M g UJV, C M^UiVj, ^- D q (M,N) 
C D P (M, N). ' _ _ 

(ii) Take any P C L and any p G P. We have D p (M, N) = [M(p) n N(p),M(p) U iV(p)], hence 

n pgP D p (M,x) = [u pgP (M(p) niV(p)),n pg p(M(p) u¥(p))]. (6) 

Also 

D v p(M, N) = [M(VP) n iV(VP),M(VP) UiV(VP)]. (7) 
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Use Proposition ^j].(i) with F(p) = M(p) and G(p) = N(p). Then 

U peP (M(p) n N(p)) = M(VP) n N(VP). (8) 
Use Proposition with P(p) = M(p) and G(p) = N(p). Then 

n pGP (M(p) u iV(p)) = M(vP) u JV(vP). (9) 



Eqs.(g-g) yield the required result. 

(iii) D (M, N) = M U N = X U X = X. m 

Proposition 4.10 For all M, N G I and /or all p e L we have: (M V JV) p = D p (M, N) 



Proof. From Proposition 4J5 follows that {D p (M, N)} p&L is a family of cuts. Hence, if we define 
a fuzzy set (M M TV) by setting 

ViGl:(MVJV)(i)=V{p:iG P p (M, iV)} 

then Vpeiwe will have (My AT) p = L> p (M, AT) (Proposition |J) . From this also follows that (MYN) 
is a fuzzy interval (since Vp G -L we have (M v jV) p = D P (M, N) = M p U N p ). Now choose any p G L ; 
we will show that (M V N) p = (M Y N) p . 

First, (M V N) p is a (crisp) closed interval. Also, x G M p =4> (M V A 7 ") (a) > M(x) > p 
x G (M V iV) p . So M p C (M V JV) P . Similarly AT p C (M V iV) p . Hence (M V N) p G S(M p , iV p ) which 
implies that (M V AT) P = D p {M, N) = M p UN p = n AeS{M ^ Np) A C (M V JV) P . 

Second, choose any x G X and set p = M(x). Then x G M p C D p (M,N) = (M Y N) p . Hence 
(M v N)(x) > p = M(x); similarly (M Y N)(x) > N(x). Since M V N = sup(M, N), it follows that 
(M Y N)(x) > (M V N)(x) and so (M V jV) p d (m V AT) p . 

So we have (M V AT) p = (M V AT) P which (Proposition |J) implies M Y N = M V N. m 

Proposition 4.11 (I, <, V, A) is a distributive lattice. 

Proof. We must show that for any A,B,C G I we have (A V B) A C = (A A C) V (P A C) and 
(A A P) V C = (A V C) A (P V C). We will show this by showing equality of the p-cuts. 

Indeed, choose any p € L and set A p = [01,02], P p = [01,62], C p = [01,02] (in case any of these 
intervals is empty, denote it by [V~\X, UX] ) . Now 

((ivB)Ac) = (Ay B) p nC p = (A p u B p ) nC p = 

([ai,a 2 ] U [61,62]) n [ci,c 2 ] = [01 n 61, a 2 U 6 2 ] n [ci,c 2 ] = 

[(01 n 61) u ci, (a 2 u 6 2 ) n 02] = [(at u ci) n (61 u d), (a 2 n c 2 ) u (6 2 n c 2 ))] = 
[01 Uci,a 2 nc 2 ] U [61 Uci,6 2 nc 2 ] = ([ai,a 2 ] n [ci,c 2 ]) U ([61, 6 2 ] n [ci,c 2 ]) = 

(Ap n Cp) u (B p n Cp) = (Aa c) p u (P a c% = ((4 aC)v(ba c)) . 

Since for all p G L we have ((A V5) ACj = A C) V (P A C)J , it follows that (A V P) A C = 
(AAC)V(BA C). Dually we show that (A A P) V C = (A V C) A (P V C). ■ 
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5 Discussion 



In this paper we have introduced fuzzy intervals and obtained some of their basic properties. The 
method we have used is rather standard in the study of fuzzy algebras - in particular we have obtained 
several properties of fuzzy intervals by studying their p-cuts. This method can be used to obtain further 
properties of fuzzy intervals. 

In our analysis we have made several assumptions, the most prominent ones being that: (a) L is 
[0, 1] and (b) X is complete and completely distributive. To what extent can these assumptions be 
relaxed? 

Regarding L, the analysis remains unchanged if (L, <, V, A) is simply a chain. But it does not seem 
obvious how to generalize our results to L-fuzzy lattices, because Proposition requires that for every 
P C L, and for all p,q E P, we have p V q £ P; for this to be true for arbitrary PCi, (L, <) must 
be a chain. 

The completeness of (X, C, U, n) is also essential. Obviously, if (X, C, U, n) is not complete, there 
is no guarantee that an infinite union of fuzzy intervals will be a fuzzy interval. Regarding complete 
distributivity, it has only been used in Section ^j, but there it plays an essential role in the proof 



of Proposition 4.7. Let us note that in the important special case where X has finite cardinality, 
completeness is automatically satisfied and complete distributivity is equivalent to distributivity (which 
clearly is a minimum requirement for the lattice of fuzzy intervals to be distributive). 

Finally, let us discuss briefly the important special case when (X, C, U, n) = (R, <,V,A). In this 
case we obtain the "classical" notion of a fuzzy interval, i.e. a fuzzy set such that its p-cuts are 
closed intervals on the real line (compare @, p. 37, p. 48]. It is worth noting that, taking X = R n , the 
notion of a fuzzy convex sublattice also specializes to that of a "classical" convex fuzzy set @, p.41]. 
Fuzzy intervals and convex fuzzy sets in this "classical" sense have been studied extensively. It appears 
worthwhile to study "classical" fuzzy intervals from the lattice theoretic point of view. Conversely, they 
can serve as a source of inspiration for generalizations (especially of convexity results) in the context 
of a general lattice (X, C, U, n). 
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